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Abstract. One of the most practical methods for simulation of steady state thermal processing is the Arbitrary Lagrangian-
Eulerian method. Each calculation step is split into two phases. In the first phase, the Lagrangian phase, the element mesh
remains attached to the material. The evolution of the state variables is monitored and the state at the end of the phase is
calculated. In the second phase, the Eulerian phase, the mesh is, broadly speaking, restored to its original position with
respect to a window attached to the moving heat source. The mesh is not restored to its exact original position, but some
allowance is made perpendicular to the flow direction in order to capture movement of the free surfaces. In this paper a finite
element model for Lagrangian simulation of thermo-mechanical processes with phase transformations is combined with a
second order discontinuous Galerkin method for modeling of Eulerian advection.
INTRODUCTION
When only a few selected parts of a work piece are to
be hardened, laser hardening is an ideal technique [1, 2].
With the help of a laser beam scanning the surface, lo-
cally very high temperatures can be obtained. Since this
heating is very local, there are very high temperature gra-
dients so that after the laser beam has passed cooling oc-
curs very quickly. The temperature rates during heating
as well as cooling are of the order of 1000 - 10000 K/s.
A straightforward Updated Lagrangian simulation of
hardening with a scanning laser beam requires reposi-
tioning of the heat flow boundary conditions for every
calculation time step to represent the movement of the
heat source. During and immediately after the passing of
the laser source events happen in very rapid succession.
In order to capture this highly localized behavior the path
of the scanning laser must be paved with a very dense fi-
nite element mesh. A simulation performed in this way
is very time consuming.
Different strategies have been devised to cope with
this type of simulation. One of the most practical is the
Arbitrary Lagrangian-Eulerian (ALE) method [3, 4]. In
the implementation as proposed by [5] and as used in
this work, each calculation step is split into two phases.
This is shown in Figure 1.
In the first phase, the Lagrangian phase, the element
mesh remains attached to the material. The evolution of
the state variables is monitored and the state at the end of
the phase is calculated.
In the second phase, the Eulerian phase, the mesh is,
broadly speaking, restored to its original position with
respect to the window attached to the moving source,
where however some allowance is made perpendicular
to the flow direction in order to capture the movement of
the free surfaces.
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FIGURE 1. Arbitrary Lagrangian Eulerian modeling of laser
hardening.
The values of state variables are needed in the mesh at
this new position. This update of state variables can be
described as a convection with respect to the mesh at the
end of the first phase. In this paper only the second phase
is described. The Lagrangian first phase is identical to a
transient calculation step as described elsewhere [6].
When the coupling between mesh displacements and
material displacements is released, two additions are
needed with respect to the Updated Lagrangian method:
• a strategy to calculate grid displacements, such that
the mesh quality will remain acceptable in terms of
element distortion and boundary compatibility;
• a method to make state variables available in the
appropriate element integration points. These points
move independently from the material.
The purpose of defining a separate velocity field for
the grid is usually to prevent unacceptable distortion of
the element mesh. Here the objective is to supply small
enough elements in the processing zone while being able
to coarsen the mesh downstream.
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FIGURE 2. An Arbitrary Lagrangian Eulerian step, t−, be-
fore and t+ after mesh regularization.
MESH MANAGEMENT
Laplacian smoothing is applied to the grid displacement
ug. In this way an initial mesh refinement is largely
conserved [7]. The boundary conditions are such that the
mesh boundary follows the material free surface.
free surface movement
The displacements of the free surface serve as bound-
ary conditions to the Laplacian smoothing. In each free
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FIGURE 3. Grid displacement of a free surface node.
surface node a direction vector d is defined to which the
grid movement is constrained. This is shown in Figure 3.
ug = λd (1)
The parameter λ is solved such that the node ends up
exactly on the parametrized free surface. Quadratic ele-
ments are used, so the surface is described by piece-wise
quadratic parameterizations. The solution of λ requires
an iterative procedure in which λ is solved simultane-
ously with a parameter s, which locally determines the
position along the free surface line.
REMAP OF STATE VARIABLES
We direct our attention to an integration point of the ele-
ment in its final position as shown in Figure 2. We would
like to find at this point the value of any state variable
f (x, t+i ), based on its value f (x, t−i ) at the end of the
Lagrangian step, where f stands for temperature, stress
component, equivalent plastic strain, phase fraction or
any other state variable.
The material undergoes a displacement um(x),
whereas the grid moves independently with a dis-
placement ug(x). The difference between the material
displacement and the grid displacement is the convective
displacement uc(x) = um − ug. When uc is small, then
the value of f (x, t+i ), can be approximated by a first
order Taylor series expansion:
f (x, t+i ) = f (x−uc, t−i )
= f (x, t−i )−uc ·∇ f (x, t−i )+O(u2c)
(2)
The main difficulty when using (2) to calculate the con-
vected values of the state variables is, that these do not
constitute a continuous field. Stresses and strains are only
evaluated at the integration points and are discontinuous
over element boundaries. This also means that the gradi-
ents of the state variables cannot be obtained from local
differentiation, since this disregards the jumps across the
element boundaries. Therefore information about values
in neighbouring elements is required to construct a global
gradient.
Many methods for obtaining the values of the state
variables f (x,t+i ) have been published. The method de-
veloped in [5, 8] requires the construction of a continu-
ous field based on nodal averaging. In [9] this is circum-
vented by defining a subgrid with the integration points
as vertices. Methods which do not require a continuous
field, are the finite volume methods. In [10] the Godunov
method is used on a sub-grid of finite volumes, where
each volume contains one integration point.
Here a similar method is developed, however, not rely-
ing on a sub grid but directly using the existing mesh. The
proposed method is based on the Discontinuous Galerkin
method [11], which is a generalization of the finite vol-
ume method. An extension based on a second order Tay-
lor expansion is shown which yields a very good accu-
racy at low computational costs.
In the ALE method there is no time scale involved with
the convection of the data. Both t−i and t
+
i represent the
same instant in time. In order to comply with the standard
treatment of convection an artificial time parameter τ
is introduced, which maps the "interval" [t−i , t
+
i ] onto
[0,∆t]. Likewise, a convective velocity vc = uc/∆t is
defined.
the discontinuous Galerkin method
The Discontinuous Galerkin method is often used for
computation of viscoelastic flow [12, 13] and compres-
sible aerodynamic flow [14, 15, 16]. Most convection
schemes using the Discontinuous Galerkin method are
discretizations of the rate equation for transient convec-
tion. The increment for finite time steps is then obtained
by time integration:
∂ f
∂ t =−vc ·∇ f ; ∆ f =
∫ ∆t
0
∂ f
∂ t dt (3)
Here f (x, t) stands for any element variable, typically
evaluated at the integration points, vc is the convective
velocity. For accuracy high order time integration is used,
e.g. a Taylor Galerkin approach [13] or 2nd or 3rd order
Runge-Kutta [16]. For stability and monotonicity, lim-
iters are frequently employed [16, 17]. Limiting proce-
dures are non-linear operations, which have to be applied
to every separate variable. In our case we prefer an ex-
plicit method which needs no limiting and which can be
applied to all variables equally.
one-dimensional convection
The discontinuous Galerkin Method will first be
demonstrated on the one-dimensional convection equa-
tion. We want to solve f (x,τ), (x ∈ [0,L]; τ ∈ [0,∆t]),
such that:
∂ f
∂τ + vc
∂ f
∂x = 0
f (0,τ) = f0 and f (x,0) = f (x, t−i )
(4)
In particular we are interested in the convective incre-
ment which is given by:
∆ f (x) = f (x, t+i )− f (x, t−i )≈−uc
∂ f
∂x (5)
In order to derive a second order accurate discontinuous
ti
-
ti
+
x
τ
u (x )c n-1 u (x )c n
xn-1 xn
FIGURE 4. A convective step, in space-time; t−, before and
t+ after mesh regularization.
Galerkin method consider a so-called space-time slab
[0,L]× [t−i , t+i ] (Figure 4). Equation (4) is written in a
weak form over the space-time region:
∫ t+i
t−i
∫ L
0
w
(∂ f
∂τ + vc
∂ f
∂x
)
dxdτ = 0 ∀w (6)
where w(x) is a weighting function which only depends
on x. Partial integration yields the following balance
equation:
∫ L
0
w( f (x, t+i )− f (x, t−i ))dx =
∫ L
0
dvcw
dx
∫ t+i
t−i
f dτ dx
+
∫ t+i
t−i
vcw f0 dτ
∣∣∣∣∣
x=0
−
∫ t+i
t−i
vcw f dτ
∣∣∣∣∣
x=L
(7)
Using (4), the evolution of f as a function of τ is written
as [18]:
f (x,τ) ≈ f (x, t−i )+
∂ f
∂τ τ = f (x, t
−
i )− vc
∂ f
∂x τ (8)
After substitution of this expression into (7) and using
uc = vc∆t we find:
∫ L
0
w∆ f dx =
∫ L
0
d(wuc)
dx
(
f − 1
2
uc
∂ f
∂x
)
dx
+ wuc f0
∣∣
x=0−wuc
(
f − 1
2
uc
∂ f
∂x
)∣∣∣∣
x=L
(9)
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FIGURE 5. Discontinuous function discretization on In.
where all values and gradients of f are evaluated at
t = t−. Reversing the partial integration yields:
∫ L
0
w
(
∆ f +uc ∂ f∂x −
1
2
u2c
∂ 2 f
∂x2
)
dx
+wuc
(
f − 1
2
uc
∂ f
∂x − f0
)∣∣∣∣
x=0
= 0 (10)
The expression obtained is the weak statement of:
∆ f (x)+uc ∂ f∂x −
1
2
u2c
∂ 2 f
∂x2 = 0 for x ∈ [0,L]
f − 1
2
uc
∂ f
∂x = f0 for x = x0
(11)
The spatial domain [0,L] is partitioned into Nx inter-
vals In = [xn−1,xn], where n ∈ [1,Nx]. The field f as well
as the increment ∆ f are discretized on In using discon-
tinuous base functions wn(x) (Figure 5):
f nh (x,τ) =∑
k
wkn(x) f nk (τ)
∆ f nh (x) =∑
k
wkn(x)∆ f nk
(12)
Inspired by (11), the discretized field on element In is
required to satisfy:
∆ f nh =−uc
∂ f nh
∂x +
1
2
u2c
∂ 2 f nh
∂x2
f nh −
1
2
uc
∂ f nh
∂x
∣∣∣∣
x=xn−1
= f n−1h −
1
2
uc
∂ f n−1h
∂x
∣∣∣∣∣
x=xn−1
(13)
This is written in a weak form:∫
In
∆ f nh wkn dx =−
∫
In
(
uc
∂ f nh
∂x −
1
2
u2c
∂ 2 f nh
∂x2
)
wkn dx
−ucwkn
(
f nh −
1
2
uc
∂ f nh
∂x − ( f
n−1
h −
1
2
uc
∂ f n−1h
∂x )
)∣∣∣∣∣
x=xn−1
∀wkn (14)
After partial integration the jump term at the inflow
boundary splits up into two flux terms, an in-flux from
the upwind element and an out-flux at the outflow bound-
ary:
∫
In
∆ f nh wkn dx =
∫
In
(
d(ucwkn)
dx f
n
h −
1
2
d(u2cwkn)
dx
∂ f nh
∂x )dx
+ucwkn
(
f n−1h −
1
2
uc
∂ f n−1h
∂x
)∣∣∣∣∣
x=xn−1
−ucwkn
(
f nh −
1
2
uc
∂ f nh
∂x
)∣∣∣∣
x=xn
∀wkn (15)
This is an explicit procedure. It has excellent stability
properties, which stem from the second order boundary
fluxes as well as from a naturally arising diffusion like
term (1/2)u2c(∂ 2 f/∂x2). In 2-D or 3-D this term takes
the form of stream-line diffusion. This explicit procedure
is equivalent to the result of the two pass procedure of
[17].
The main attraction of the discontinuous Galerkin
method is apparent from the left hand side of Equation
(15). The support of wkn is restricted exclusively to inter-
val In. There is no coupling with unknowns in other inter-
vals and the resulting matrix is local. Coupling with other
intervals is only through the boundary fluxes of known
values f n−1h (t−i ). The solution of ∆ f nh can be done on an
element by element basis.
element-wise point-implicit scheme
The scheme of (15) is stable for Courant numbers <
0.7. For many applications this is already sufficient. To
extend the stability region we follow [15] and apply an
element-wise point-implicit scheme. To this end implicit
terms (marked with α and β ) are added to selected
terms coming from weight functions, whose support is
the domain of one element, with respect to the degrees
of freedom associated with that same element:
∫
In
∆ f nh wkn dx =
∫
In
(
d(ucwkn)
dx ( f
n
h +α∆ f nh )−
1
2
d(u2cwkn)
dx
∂ ( f nh +β∆ f nh )
∂x
)
dx
+ucwkn
(
f n−1h −
1
2
uc
∂ f n−1h
∂x
)∣∣∣∣∣
x=xn−1
−ucwkn
(
f nh −
1
2
uc
∂ f nh
∂x
)∣∣∣∣
x=xn
(16)
Note that the implicit terms are only added to the terms
in the integral. Adding these terms to the f nh terms at the
outflow boundary xn, as was proposed by [15] will make
the method non-conservative. When this is remedied by
also adding implicit terms to the f n−1h terms at the inflow
boundary, again a conservative method is obtained, but
then the local character is lost.
Numerical experiments indicate that α = −1/60 and
β = 2/3 is a good choice. A priori it may be expected that
the β -term will have a stabilizing effect. This term adds
an additional (streamline) diffusion within each element.
A small negative value for α seems to prevent the system
from becoming over-damped.
After collecting all terms with ∆ f in the left hand side,
the resulting matrix is no longer diagonal nor symmetric;
however, it still remains local. The explicit element by
element solution is still possible.
multi-dimensional convection
In two (or three) dimensions (11) is written as
∆ f =−uc ·∇ f + 12 ucuc:∇∇ f +O(u3c) (17)
The domain is divided into non-overlapping triangles on
which f and ∆ f are discretized similar to Equation (12).
Equation (17) is written in the weak form while weakly
enforcing continuity over the inflow boundary to obtain
the counterpart of (14). After partial integration follows
the counterpart of Equation (15):
∫
Vn
(
wkn∆ f nh
)
dV =∫
Vn
(
∇ · (wknuc) f nh − 12∇ · (wknucuc) ·∇ f nh
)
dV
−
∫
Γ−n
wkn uc ·n( f n(−)h − 12 uc ·∇ f n(−)h )dΓ
−
∫
Γ+n
wkn uc ·n( f nh − 12 uc ·∇ f nh )dΓ ∀wkn (18)
Here Γ−n is defined as that part of the boundary of the
nth element where uc · n < 0, where n is the outward
pointing normal on the element boundary, Γ+n is defined
by (Γ−n ∪Γ+n = Γn,Γ−n ∩Γ+n = /0). Furthermore, f n(−)h is
the value of f in the elements which share boundariesΓ−n
with the nth element, the upwind elements.
accuracy of the convection scheme
The usefulness of the proposed convection algorithm
for application in Arbitrary Lagrangian Eulerian meth-
ods depends on whether large enough convective steps
are possible without any stability problems or signifi-
cant deterioration of the accuracy. It was shown that the
proposed convection algorithms is capable of accurately
dealing with Courant numbers upto 0.9 with negligible
error in the phase velocity [19]. Application to forming
processes was reported in [20].
The Courant number is defined as:
Crn =
1
2Vn
∫
Γn
‖uc ·n‖dΓ (19)
Cr = 1 for triangles corresponds to a convective displace-
ments equal to half the element length.
SIMULATION OF LASER HARDENING
A steady state model of laser hardening was set up. The
finite element model is show in Figure 6; it consists of
892 nodes, 401 six-node triangular elements and 67 heat
convection elements on the top and bottom faces [6].
Results are shown of a thermal calculation with phase
transformations. For the thermal calculation essentially
a transient analysis as in [6] was performed in which
every transient step was followed by a convection step.
The calculation was prolonged until a steady state was
reached. Convection was applied to the temperatures as
well as to the phase fractions.
During the calculation a constant time step of 0.015
seconds was used. This results in a convective displace-
ment of 0.15 mm per step. The maximum Courant num-
ber in any element is 0.8.
The temperature and the martensite distributions are
shown in Figures 7 and 8. The temperature distribution
is quite smooth. The phase fractions give a very ragged
line. This is mainly caused by the extrapolation from
integration points to nodal points. A second reason is
that very sharp gradients have to be resolved within only
one or two elements, which causes some local over-
shoot. The martensite contents appears to be diminishing
towards the end of the slab. This is an artifact which is
caused by the coarsening of the grid.
CONCLUSIONS
The Arbitrary Lagrangian-Eulerian method was applied
to the process of steady laser hardening. Results were
obtained for temperatures and phase fractions.
A new convection algorithm was developed for the
remap of state variables. It is based on a second order
Taylor expansion which is discretized by the discontinu-
ous Galerkin method. It has the advantage of being able
to cope with state variable fields which are discontinuous
across element boundaries. The method is explicit and
suitable for element by element calculation of the remap.
60 mm
10 mm
6 mm0.01 m/s 25 MW/m2
FIGURE 6. The finite element model for ALE calculations
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